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Abstract 

A simple master equation for the static perturbation of charged black strings 
is derived while employing the gauge proposed by Kol. As the charge is varied it 
is found that the potential in the master equation for the perturbations becomes 
positive exactly when the specific heat turns positive thus forbidding a bound 
state and the onset of the Gregory-Laflamme instability. It can safely be said that 
this is the first analytic and explicit evidence for the Gubser-Mitra conjecture, 
correlating the classical and thermodynamic instabilities of black branes. Possible 
generalizations of the analysis are also discussed. 



1 Introduction 



It has been known that black objects with an extended event horizon, such as black 
branes and strings, suffer from a classical instability, called the Gregory-Laflamme (GL) 
instability [1,2]. The ultimate fate of this instability remains a matter of investigation 
in spite of extensive studies (see Refs. [3,4] for reviews and related works). One of the 
interesting aspects of this instability is the correlation with the local thermodynamic 
instability of background spacetimes. This correlation of instabilities is known as the 
Gubser-Mitra (GM) conjecture [5,6] (or the correlated stability conjecture [7]): the GL 
instability for black objects with a non-compact translational symmetry occurs if and 
only if the background black objects are locally thermodynamically unstable. Supports 
based on a general semiclassical argument [8,9] and a lot of evidences have been known 
for this conjecture [5-7, 10, 11]. 1 However, mainly due to the difficulty to solve the 
complicated perturbation equations of black branes analytically, any conclusive proof 
of the conjecture has not been reported, as far as the author knows. Since the GM 
conjecture plays crucial roles in the stability argument of black objects in string theory 
as well as in the holographically dual gauge theories [14,15], it is important to prove the 
conjecture or have analytic evidence for it. 

Now we turn to the complexity/simplicity of the perturbation equations of black 
branes. Much effort has been devoted to simplifying the perturbation equations and 
to identifying analytically the GL modes. Among them, the expression of perturbation 
equation obtained by Kol [16] would be simplest. See [16] and references therein for 
the comparison between various gauges adopted in the literature. His gauge choice was 
optimized by the action formalism in which gauge fixing is postponed as much as possible 
and the action is transformed into a canonical form making use of its own invariance [16]. 
The resultant expression of perturbation equation is so simple that it allows for analytic 
investigations or accurate numerical ones. For example, an approximation formula of 
the dimensional dependence of GL marginal mode, which is sufficiently accurate in all 
dimensions, was obtained in [17], while solving the perturbation equation for general 
dimensions is difficult even in such a gauge. 

In this letter, we adopt the gauge mentioned above for the static perturbation of 
(non-dilatonic) magnetically charged black strings to obtain a single master equation. 
We show that if such a master equation is written in Schrodinger form, the potential 
exhibits a significant feature: the potential becomes positive definite to forbid the critical 
mode of GL instability for locally thermodynamically stable black strings. That is, one 
sees an explicit realization of the GM conjecture in this system. 

1 It should be mentioned that possible counterexamples and refinement of the conjecture have been 
proposed [12,13]. In this article, however, we only consider the original version, presented above. 
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2 Magnetic black strings 

We consider the following (d + 1) -dimensional action (d > 4), 
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where F^-2 is a (d — 2)-form gauge field. Varying action we have the following EOMs 
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The form field must satisfy Bianchi identity, dFd-2 = 0, in addition to Eq. ([3]). By a 
dimensional reduction method, a black string solution in this system can be obtained 
from a black hole solution in a d- dimensional dilatonic system [18]. The explicit form of 
the solution is 
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where dQ 2 l _ 2 and e^_2 are the line and volume elements of a unit (d — 2)-sphere, re- 
spectively. In addition, r = r + and r = r_ correspond to an event horizon and inner 
horizon, respectively. To make physical quantities finite, let the spacetime be compact in 
z-direction with length L. Then, mass, temperature and magnetic charge are calculated 

as 
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where Qd-2 is the surface area of unit (d — 2)-sphere. q is a charge (or extremal) param- 
eter, defined by 



q= — , (0<q<l). 
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Note that the magnetic charge in Eq. ([5]) is normalized so that Q — > M in the extremal 
limit, q — > 1. We can calculate the specific heat for the above black string, 
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-1 + (d - 2)q d ~ 3 

We can see from Eq. ([7]) that there is a critical value of the charge parameter, we denote 
it by qGM, above which the specific heat becomes positive, 
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The GM conjecture asserts that the GL instability does not exist for q > g GM . We 
note that this criterion of thermodynamic stability corresponds to the one in a canonical 
ensemble. If a magnetic charge is allowed to be re-distributed in ^-direction, which is 
not the case in the present spacetime, we have to take into account also the positivity of 
isothermal permittivity, corresponding to working in a grandcanonical ensemble [4]. 

3 Static perturbation 

3.1 Gauge choice 

According to [16], we consider the following "maximally general ansatz", 

2b(r z) 

ds 2 = -f + e 2a{r ' z) dt 2 + < - r - r dr 2 + f_e 2f3 [dz - a{r, z)dr} 2 + r 2 e 2c ^ z) dQ 2 d ^ 2 . (9) 
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We regard all metric functions introduced in Eq. (jHJ), (a, b, c, a, (3), as small perturbations. 
Since metric ([9]) has extra degrees of freedom to describe a non-uniform black string, one 
can impose gauge conditions to restrict the perturbations to be physically relevant. For 
example, a conformal-type gauge in (r, z) plane, defined by b = (3 and a = 0, was 
adopted in Ref. [19]. In this gauge, b can be written in terms of a and c, and we have 
coupled equations for a and c (after expanding each function by suitable harmonics in 
^-direction). It is known that this gauge equally goes well for the charged case [11]. On 
the other hand, the "optimal gauge" proposed in Ref. [16] for the static perturbations 
of neutral black strings (q = in the above solution) is to set a = (3 = with b, c 
and d z a taken as variables. In this gauge, one can show that both b and d z a are "non- 
dynamical variables", whose derivatives do not enter into EOMs and can be written in 
terms of master variable c (see [20] for a general description of such gauge optimization 
and decoupling procedure). Also in the present charged case (q ^ 0), in which the 
Einstein equation has a source term of the gauge field, we can take the same gauge to 
obtain a master equation for c. It is not so trivial that this gauge goes well even in the 
charged case. The point is that under ansatz ([9]), the gauge field F = Qej-2 in Eq. (J4]) 
remains to be a solution, i.e., EOM ([3]) and the Bianchi identity are satisfied in this 
form. As a result, the right hand side of Einstein equation ([2]) contains only c, e.g., 
F 2 oc Q 2 1 1 {re c ) 2<yd ~ 2 \ In other words, the perturbation of form field can be written in 
terms of the perturbation of the metric. Thus, the gauge field neither introduces any 
unknown function nor changes the structure of the Einstein equations. 
Now, let us normalize the coordinates by the horizon radius, 

T Z 

y= — , x = — . (10) 

r + r + 

Then, we take the gauge of a = (3 = and move to a Fourier space by 

X(y,x) = Xi(y) cos(kx) , (X = b,c), 

a(y,x) = ai(y)d x cos(fcr) , (11) 
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where k is GL critical wavenumber to be determined later. Substituting fill I) into Einstein 
equation (J2J), we have three independent equations, which do not contain the derivatives 
of b\ and a\. Using two of these three equations, both b\ and a.\ can be written in terms 
of c\ (and its first derivative). Finally, the master equation for c\ is obtained, which we 
will investigate in the rest part of this section. 



3.2 Non-existence of critical mode for q > ^gm 

The master equation for c\ in the potential form is given by 

[-e-*-*d y (e A -*d y ) + V(y)] c x = -k 2 Cl , (12) 

where 

2d £ £l 4 

r 2-A _ V J+J+ -22 f f 2 (-.o) 

'[2(d-2)/ + + y/;]*' " /+; -' [L6) 

yr y) _ 2 ( rf ~ 3)/- {3 -d-[d 2 -4d + 5-(d-l)(d- 2)/-]/+} 



?/ 2 [c?-3 + (rf-l)/ + ] 

2(rf-2)Q 2 /- 



(d_l) y 2(d-2) (/+ 



(14) 



The second term in potential (JT4J) comes from the source term of the Einstein equation. 
Substituting the explicit form of f± and Q, Eq. (I14p can be written in a simpler form, 



vr , _ 2(d - 3) 2 [-1 + (d - 2)g rf - 3 ] (y^ - Q 
l2/J [2(d-2)y d - 3 - (d-1)]^" 1 " 1 J 

From Eq. (I15p . one can see that the potential is regular and finite everywhere between 
the horizon and infinity, 1 < y < +oo. The behavior of potential in the asymptotic region 
is V(y) ~ y~i d - 1 > . 2 The most interesting property of the potential which can be seen 
from Eq. 015)) is 

g = g G M u(y)|o. (16) 

This charge dependence of the potential is visualized in Fig. [1] (a). Using this significant 
property, one can show the non-existence of GL critical mode for q > ^gm a s follows. 
Multiplying Eq. (1121) by e + c\ and integrating it by parts, we have 

/oo 
e A-Z [c? + + ^ dy _ [ e ^ cic[ y=- = . (17) 



2 The neutral limit (q — ► 0) of potential (jT4j) or (|15p does not coincide with the potential for the static 
perturbations of a neutral black string obtained in Rcf. [16]. This stems from the fact that the potential 
in [16] is not for c itself but for a linear combination of a and c. 
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Figure 1: (a) The charge dependence of potential (fT5j) for d = 4. The qualitative feature is 
the same in the other dimensions (d > 5). The event horizon is located at y = 1 and q = 1 
corresponds to the extremal limit. The background black string is thermodynamically stable 
for q > qcM = l/(d — 2) 1 /( d_3 \ (gcM = 1/2 for d = 4). The potential (colored surface with 
mesh) intersects with the zero plane (gray plane) on q = c/gm (blue dotted line) and is positive 
definite for q > qcM- (b) Numerical plot of the charge dependence of GL critical wavenumber 
(red triangles) for d = 4. The curve is just to guide the eye. The critical wavenumber decreases 
monotonically as the charge increases and vanishes at q = qgm (blue dotted line). The non- 
existence of k 6 3? for q > qQM is analytically show by Eq. (fTTl) . 



The boundary term in Eq. (TP7|) vanishes. Then, it is obvious that the critical wavenumber 
fcgR does not exist for V(y) > 0. This is the analytic evidence that the GL instability 
cannot exist for the thermodynamically stable black strings in this system. 

Now, the proof of the GM conjecture should be completed by showing the existence 
of the critical mode for < q < qcM- However, it seems not so easy to solve Eq. (TT21 
analytically even in the simplest case d = 4, and we have to resort to numerical compu- 
tations. Therefore, we integrate Eq. ffl2l) numerically for < q < gcM with regularity 
conditions at the horizon and infinity. In Fig. [T] (b), we show the charge dependence 
of the critical wavenumber k. We can see that k indeed decreases monotonically as q 
increases and vanishes almost exactly at q = qcwi- See Refs. [11,21] for the observation 
that the vanishing of the critical wavenumber around gcM exhibits a power-low behavior 
with universal critical exponent 1/2, i.e., k oc |Qgm — Q| 1//2 > where Qgm is the physical 
charge corresponding to qcM- 



4 Discussion 



We have shown that magnetically charged black string (J4]) serves as an analytic evidence 
for the Gubser-Mitra conjecture. To prove the conjecture in a complete form, the partial 
proof given in Sec. 13.21 should be followed by an analytic identification of the Gregory- 
Laflamme critical mode - - alternatively, just by showing the existence of the mode 
analytically - - for the thermodynamically unstable strings (0 < q < ^gm)- The exten- 
sion to dynamical perturbation might be important, although we have only considered 
the marginally stable critical mode. 

Here, we mention that perturbation ( TTTT) can be generalized to higher-order ones, 
taking into account the non-linear backreactions as developed in [19]. In fact, we did 
confirm a single master equation to be derived at each order of perturbation for the 
charged strings considered in this paper. Technically speaking, this fact reduces the 
number of parameters to be determined numerically to one for each mode and saves 
the computation time considerably. 3 We will discuss such non-linear perturbations 
elsewhere, by which we could confirm the critical dimension [22, 23] and critical charges 
[11] with more accurate numerics/much higher-order perturbations. 

Besides the black objects with the translational symmetries, the correlation between 
the instabilities is relevant to a black string in Anti-de Sitter spacetime [24,25], having 
no translational symmetry, as well as to de Sitter spacetime [26] . It would be interesting 
to generalize the gauge optimization in [16] to these spacetimes to understand/refine the 
GM conjecture. 
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